Measurement of the temperature of atomic ensembles via which-way information 
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We unveil the relationship existing between the temperature of an ensemble of three-level atoms 
in a A configuration, and the width of the emission cone of Stokes photons that are spontaneously 
emitted when atoms are excited by an optical pulse. This relationship, which is based on the 
amount of which-way information available about where the Stokes photon originated during the 
interaction, allows us to put forward a scheme to determine the temperature of atomic clouds by 
measuring the width of the emission cone. Unlike the commonly used time-of-flight measurements, 
with this technique, the atomic cloud is not destroyed during each measurement. 
PACS numbers: 42.50.Ct, 03.67.-a 



I. INTRODUCTION 

Atomic ensembles are key ingredients in many theo- 
retical and experimental schemes whose aim is the im- 
plementation of quantum information protocols [l|, 
or the generation of paired photons with non-classical 
correlations 0,3- In these "writing-reading" schemes, 
a weak classical field (pump pulse) interacts with an 
atomic ensemble, which leads to the spontaneous emis- 
sion of a Stokes photon. Since the Stokes photon and 
the atomic ensemble are highly correlated, the projec- 
tion of the Stokes photon heralds the generation of an 
atomic state that is a coherent superposition of all possi- 
ble states of the ensemble where only one atom has been 
excited, the so-called collective atomic state @. 

The selection of a specific direction of Stokes photons 
emission is an important issue, since i) one aims at choos- 
ing a direction that maximizes the flux of generated pho- 
tons, and ii) the direction in which the photons are de- 
tected might determine the specific quantum state of the 
atomic ensemble. 

It has been shown that in the case of a room- 
temperature atomic cloud, where atoms are considered 
to move fast within the cloud, Stokes photons are emit- 
ted within a small cone around the direction of propaga- 
tion of the pump beam Q , whereas in the case where the 
atoms are considered to be fixed in their positions (cold 
atomic clouds), Stokes photons have no preferred direc- 
tion of emission 0, H| , always that it is not forbidden by 
the transition matrix elements. Even though, in most 
experiments, the emitted photon is detected at a small 
angle (~ 0° - 3°) @,S,§ml- 

These results consider only the angular distribution 
of emitted photons in two limiting cases: when the 
atoms are either moving very fast (high temperature) 
or completely fixed (low temperature) within the cloud. 
Notwithstanding, the transition between these two cases 
has not been explored yet. In this paper, we construct 
a model to describe the angular distribution of emitted 
Stokes photons as a function of the temperature of the 
atomic cloud. The importance of our result resides in the 



fact that we can readily develop a new technique where 
the measurement of the width of the emission cone can be 
used to determine the temperature of the atomic cloud. 
This is made possible by unveiling the close relationship 
that exists between the range of possible directions of 
emission, and the which-way information available about 
where the photon originated, i.e., knowledge of the posi- 
tion of the atom that emitted the Stokes photon during 
the interaction. 

One of the attributes of this new technique is that, un- 
like commonly used time-of-flight (TOF) measurements 
[lU , the atomic cloud is not destroyed during each mea- 
surement. This new technique is thus added to the 
group of non-destructive measurements such as resonance 
fluorescence spectrum analysis [Til ], recoil- induced reso- 
nances [l5[, and transient four- wave mixing [l6| . Also, 
since this technique does not require any additional ele- 
ments in the experimental setup, its implementation can 
be easily carried out. 

II. MODEL 

Let us consider a cloud of N identical three-level atoms 
in a A-configuration (Fig. [1}. The cloud is illuminated 
by a laser pulse that couples the transition \g) — > |e) 
with a detuning A. The spontaneous decay of the atom 
(|e) — > \s)) leads to the generation of a photon with dif- 
ferent wavelength (Stokes photon). Here we investigate 
two important features that, as we will see later, depend 
on the temperature of the cloud. First, the angular dis- 
tribution of the spontaneously emitted photons, and sec- 
ond, the heralded generation of the symmetric collective 
atomic state after detection of the Stokes photon. 

The pump beam, which is a slowly-varying classical 
field propagating along the z-direction, with a Rayleigh 
range much larger than the length of the atomic cloud, 
writes 

E p (r, t) — u (r±)l;(t) exp {ik^z — iui n t} + h.c, (1) 
where ujq = kgc is the central frequency, c is velocity of 
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FIG. 1. Atomic level configuration. 



light, u (rj_) describes the transverse spatial shape of the 
pump beam and its temporal shape. 

The Stokes field, which is described quantum mechan- 
ically, writes 



a(k) exp {ik • r — icut} c?k, 



(2) 



where a(k) is the annihilation operator, k = (k x ,k y ,k z ) 
is the wavevector of the Stokes photon and ui = \k\c its 
frequency. 

In the interaction picture, and after adiabatically elimi- 
nating the upper level |e), the interaction of the light field 
with the atomic cloud can be described by the Hamilto- 
nian [6| 

N 

H(t) = Kg / dkSka f (k) exp {tAojt} u (r x ,i) £ (t) 



x exp {— iAk • r^} 4- h.c, 



(3) 



where a l sg = \s) i (g\ is the transition operator for the 
ith atom, = (xi,yi,Zi) is the vector position of the 
ith atom, g^ is the coupling coefficient of the transition, 
Au> = lu — (loq — u! sg ) and Ak = k kgz, with Lu sg being 
the transition frequency between states \g) and |s). 

Before the interaction, we consider that all the atoms 
are in the ground state and that there are no photons in 
the optical modes, i.e, |^/) = \gi...gi...gM) ® |0) k . Then, 
considering that the pump field is weak enough, we can 
make use of first-order perturbation theory to write the 
state of the system as 



|*>=|*> -ie(Aw)£; f dku(r x ,i) 
i=i •> 

x exp{-zAk- rj} \g!...Si...g N ) |k), 



(4) 



where e(Aui) = J Q dt'g £(t') exp(iAut'). We assume 
that Ak becomes independent of the frequency and that 
9 = ,9k has the same value for all allowed directions of 
emission of the Stokes photons. 

The use of perturbation theory is motivated by ex- 
periments in which a weak pump pulse and a short in- 
teraction time are used in order to guarantee that the 
probability of creating more than one excitation in the 



collective atomic state is very low [H, l9l-fll| . This weak- 
pumping condition makes a perturbative approach suit- 
able for describing a realistic situation. 

In the case of cold atomic ensembles, since the atoms 
are considered to be fixed in their positions, we can di- 
rectly use Eq. @ to obtain that the probability of emit- 
ting a photon in a given direction k is equal for all di- 
rections, i.e., there is no preferred direction of emission 
0, M, , independently of the specific shape of the atomic 
cloud, always that it is not forbidden by the transition 
matrix elements. 

In the case of hot atomic ensembles, due to the fact 
that during the light-atom interaction time the atoms 
are moving fast, an average value over all positions 
should be performed @, [l?} • The resulting state becomes 

N 

= |*) - is (Au) I dk F (Ak) |k) ® J2 \9i-Si-9N) 

(5) 



i=l 



where the average value over all positions is expressed as 
F (Ak) = / dru(r_L)exp{~iAk- r}p dis (r), with p dis (r) 
being the atomic distribution function. From Eq. (|5|). 
one can show that the Stokes photons are emitted in a 
small cone around the forward direction (see @ for a 
detailed calculation), whose width depends on the par- 
ticular spatial shape of the atomic cloud. Notice that, 
in this case, the photon and atomic degrees of freedom 
can be decoupled, and the quantum state of the atoms 
is the so-called symmetric collective atomic state, i.e., 

\s a ) = 1/y/N J2i Iffi— s»-fljv). 

Equation ([4| does not show any temperature depen- 
dence, so in its present form cannot be used to describe 
the transition between the two limiting scenarios consid- 
ered so far: warm and cold atomic ensembles. In order to 
model the temperature dependence, we introduce a func- 
tion that describes the movement of each atom around 
its mean position r,, 



1 



exp 



A 2 (T) 



(6) 



where A (T) = v a r determines the radius of the area over 
which the atoms can move during the interaction time. 
It depends on the pump pulse duration (t), and on the 
speed (v a = \J2KbT jm) most likely to be possessed by 
any atom of the system. Here m is the mass of the atom, 
Kb is the Boltzmann constant and T is the temperature 
of the atomic ensemble. Notice that the origin of v a lies in 
the Maxwell— Boltzmann distribution. This distribution 
is assumed, because it has been shown that the Maxwell- 
Boltzmann distribution provides an accurate description 
of the motion of atoms at temperatures above tenths of 
UK [II [ll. Hence, Eq. (6) is useful for describing the 
motion of atoms undergoing a transition from the hot to 
the cold condition, provided that the lowest temperature 
values are above tenths of . 
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Making use of the function given in Eq. ([6]) to rewrite the density matrix of the system {p = \^f) Ncglcct- 
Eq. the temperature-dependent quantum state of ing the vacuum contribution, the reduced density matrix 



the system atoms-photon can be written as 



|*) = |*)„ - ie (Aw) V / dk [ drf (r, r. t ) u (r x ) 
i=i 7 Jv 
x exp{-iAk • r} \gi...Si...g N ) |k), 



(7) 



where V is the volume of the cloud. 

Note that, in the limit where A — > 0, the function given 
in Eq. ([6]) tends to a Dirac delta function, and we recover 
the state of the system described by Eq. (U|). 

In order to obtain the angular distribution of the emit- 



of the photon state writes 



N 

= Y / J dkdk'S(r i) k)S*(r i ,k')|k)(k'| J (8) 



where 

S(r h k) 



dr/(r, ri)u(r±) cxp (— iAk • r) 



(9) 



ted Stokes photons, we trace out the atomic variables of solve Eq. (9) to obtain 
I 



Considering that the atoms are contained in a cell with 
transversal dimensions L x , L y and length L Zl we can 



S(Ti,k) = la 2 ^>{x l ,k x )^(y l ,k y )n(z l ,k z ), 



(10) 



where 



A 2 



1/2 



$(£,-, k x ) = cxp 



1 
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rktr, 



x 1 
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x <jei 
0(z i; k z ) = exp 

x ^ erf 



- ifc^ 2 - -| 



~2A \ 2z i- ik * A L * 



— erf 
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erf 



ik x A H j 



(11) 



(12) 



(13) 



Notice that the presence of the error function (erf(x)) 
in Eq. (10) is due to the integration over the finite volume 
(V) of the cell that contains the atoms. 

We now find that the probability of emitting a Stokes 
photon in the direction k is given by the diagonal terms 
of the density matrix jSJ , 

JV 

P(k)=£|S(r ? :,k)| 2 , (14) 

where the normalization condition writes 
Si=i / dk \S (ri, k)| = 1. In general, since the atomic 
cloud contains a large atom number density, the atomic 
summation can be rewritten as X)i=i ~^ / dV . 

Note that Eq. (14) needs to be solved numerically 
due to the presence of the error function in Eq. (10). 
Notwithstanding, since the functions of the spatial vari- 
ables are separated (as can be seen in Eq. (10)), the nu- 
merical integration of Eq. (|14[) can be easily performed. 



III. ANGULAR DISTRIBUTION OF EMITTED 
STOKES PHOTONS 

We have calculated the angular distribution of the 
emitted Stokes photons considering an ensemble of 87 Rb 
atoms contained in a pencil-shaped cell with transver- 
sal dimensions: L x = L y = 2 mm, and length 
L z = 30 mm. The atoms are illuminated by a 
pump pulse with a transversal shape given by u(r±) ~ 
exp { — (x 2 + 2/ 2 )/fo}i where tq = 2 mm is the beam waist 
of the pump beam. The level configuration of the atoms 
is set to 5 2 Pi/2 for the excited level |e), and the Zeeman- 
splitting levels 5 2 S 1/2 {F = 1) and 5 2 S 1/2 (F = 2) for the 
\g) and \s) states, respectively. 

Figure 2 shows the angular distribution (normalized to 
the maximum) of emitted Stokes photons as a function 
of the angle (9) between the direction of the pump and 
the emitted photon (as shown in Fig. 3(a)). In the low 
temperature limit, the spontaneous emission of Stokes 
photons has no preferred direction. This result agrees 
with ref. Q, in which Stokes photons are said to be 
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FIG. 2. Angular distribution of emitted Stokes photons for 
different temperatures of the atomic cloud. Solid line: T — 
100 [iK; Dashed line: T = 1 K; Dotted line: T = 10 K and 
Dash-dotted line: T = 300 K. In all cases, the pump pulse 
duration is set to r = 10 ns. 



emitted into Air steradian. In contrast, as the tempera- 
ture of the cloud is increased, the probability distribution 
narrows around 9 — 0°, evidencing the fact that, in the 
case of warm atomic ensembles, Stokes photons are emit- 
ted preferentially along the direction of the pump,as it 
has been experimentally observed, for instance in [3|. 

The results shown in Fig. 2 can be understood in terms 
of the which- way information left in the atoms after emit- 
ting a Stokes photon, i.e., information about the position 
of the atom that emitted the photon. On one hand, for 
the case of cold atoms, due to the fact that they are 
fixed, one can obtain, in principle, information about the 
position of the atom that emitted the photon. In this sit- 
uation, the possible paths of the Stokes photon will not 
interfere, because which- way information has been left in 
the atomic ensemble. This can be clearly seen from Eq. 
(14), which for cold atomic ensembles takes the form 



N 

E 

i=l 



"(r_L,j)r 



(15) 



Equation (15) shows that emission of Stokes photons 
from a cold atomic ensemble has no preferred direction. 

On the other hand, notice that for the case of hot 
atomic ensembles, Eq. (6) is a constant inside the in- 
tegration volume, so we can write Eq. (14), by means of 
the large atom number density relation, as 



hot 



N 



E^ 



-iAkr; 



i=l 



(16) 



We see from Eq. (16) that interference between the 
possible paths of the Stokes photon is now restored, 
because which-way information has been erased by the 
movement of the atoms in the cloud. Interestingly, this 
which-way information effect has been also observed, for 
instance, in the context of second-order interference of 
single photons fl8j . 
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FIG. 3. (a) Proposed experimental setup: an array of detec- 
tors is used to measure the width of Stokes emission cone, 
which allows to determine the temperature of the atomic en- 
semble, (b) Temperature of the atomic cloud as a function of 
the FWHM of the emission cone for different pulse durations. 
Solid line: r = 10 fis; Dashed line: r = 30 /is; Dash-dotted 
line: r = 100 fj,s. 



It is important to highlight that, it is not the actual 
acquisition of information from the system which deter- 
mines the rise of interference, but that in principle, it 
would be possible to obtain such information 



IV. EXPERIMENTAL PROPOSAL 

The close relationship between the width of the emis- 
sion cone and the temperature of the atomic ensemble al- 
lows us to put forward a new technique to determine the 
temperature of atomic clouds. The proposed experimen- 
tal setup consists of an array of detectors (or a movable 
detector) that would be able to detect Stokes photons 
along different directions, as depicted in Fig. 3(a). In this 
way, by measuring the width of the emission cone, we can 
make use of Eq. (fl"4|) to retrieve information about the 
temperature of the atomic ensemble. Figure 3(b) shows 
the temperature of the atomic ensemble as a function of 
the full width at half maximum (FWHM) of the emission 
cone. Notice that, by choosing a sufficiently short pulse, 
the relationship between the emission cone width and the 
temperature gets smoother. This can be useful for a bet- 
ter discrimination of the width of the emission cone, en- 
hancing thus the precision of the technique. Also, notice 
that this technique is not based on the ballistic expan- 
sion of the atomic cloud [l2j , so each measurement can 
be performed without destroying it. 
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FIG. 4. Angular distribution of the emitted Stokes photons 
((a),(c),(e) and (g)), and the weight of the symmetric atomic 

state |(sa|^I , ) a | (within the FWHM of the emission cone) 
((b), (d), (f) and (h)) for different radius of the region where 
the atoms are let to move: (a,b) A=l /im, (c,d) A=100 /im, 
(e,f) A=l mm, and (g,h) A=100 mm. Pulse duration: 10 (is. 



V. HERALDED GENERATION OF THE 
SYMMETRIC ATOMIC STATE 



In the case where the atoms are barely moving dur- 
ing the interaction time, only a small fraction of gener- 
ated photons (those in a small angle around the pump 
beam direction) corresponds to the symmetric state, even 
though photons are emitted in a larger emission cone. 
This can clearly be seen by comparing Figs. HJa) and 
(b), where we plot the projection |(s a | v I / ) a | 2 . When the 
atoms are let to move within the cloud by increasing the 
temperature, the which-way information is erased and 
the emission cone gets narrower (see Fig. (Hg)). In this 
case, as it can be seen from Fig. SJh), photons emitted in 
all allowed possible directions are in the symmetric state. 
Notwithstanding, we are again forced to consider small 
emission angles around the pump beam direction to en- 
hance the flux of detected Stokes photons. Therefore, 
in all cases, photons should be collected in a small cone 
around the direction of propagation of the pump beam, 
if the goal is to generate the symmetric atomic state. 
But as Fig. [4] shows, the reason behind this restriction 
depends on the temperature of the atomic ensemble. 



VI. CONCLUSION 

In this paper, we have presented a new technique to 
measure the temperature of atomic ensembles, based on 
the relationship between the temperature of the ensemble 
and the width of the emission cone of the spontaneously 
emitted Stokes photons. We have also shown that her- 
alded generation of the collective symmetric atomic state 
requires the detection of the heralding Stokes photon in 
a narrow cone around the direction of the exciting pulse. 
For cold atomic ensembles, this is the only direction of 
emission that guarantees the generation of such state, 
while for warm ensembles, it is the direction with the 
highest efficiency. 



We can also use Eq. (7) to describe how the generation 
of the symmetric state depends on the temperature of the 
atomic cloud. When the Stokes photon is detected in an 
arbitrary direction k, i.e., is projected into the state |k), 
the corresponding quantum state of the atomic cloud is 

N 

\*) a = 1 £S(r i ,k)\g 1 ...8 i ...g N ). (17) 

i=l 
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